A unified method is presented for modeling delaminated stiffened laminated composite shells, synthesizing accurate multiple postbuckling solution paths under compressive loading, and predicting delamination growth. A multidomain modeling technique is presented for modeling the delaminated stiffened shell structures. Errorfree formulations are presented for a tvvo-noded curved stiffener element and a three-noded shell element for geometrically nonlinear applications. An accurate and simple automated solution strategy based on Newton-type iterations is presented for predicting the general geometrically nonlinear and postbuckling behavior of structures. Finally, a simple method is derived for predicting the delamination growth by using the pointwise energy release rate at the delamination front as evaluated from the three-dimensional J integral.
I. Introduction
L AMINATED composites are gaining importance in aircraft structural applications as a result of their very high strengthto-weight ratios. These applications are, however, still very limited because of the lack of a thorough understanding of the failure mechanisms involved in the laminated structures. In particular, the phenomenon of progressive failure in laminated composite structures is yet to be understood and, as a result, reliable strategies for designing optimal laminated composite structures for desired life and strength are not yet available.
It is known that delaminations are the most frequent causes of failure of laminated structures, particularly under compressive loads. The presence of delaminations leads to a reduction in the overall buckling strength of the structure. In addition, the delaminations tend to grow rapidly under postbuckling loads, causing further reduction in structural strength and leading ultimately to fatal structural failure. Very limited analytical work in this area exists in the literature. 1 ' 2 In this paper, in an effort to gain understanding of the strength reduction resulting from the presence of delaminations and the mechanisms of delamination growth, a unified method is developed for modeling delaminated stiffened composite structures, for accurately predicting their geometrically nonlinear behavior under normal and postbuckling loading conditions, and for predicting delamination growth by using the pointwise energy release rate at the delamination front.
The transverse shear deformation is found to play an important role in cases of laminated composite structures. Hence, the transverse shear deformation of the structure is explicitly introduced in this work in accordance with the Reissner-Mindlin theory of shell flexure. The junction between the delaminated sublaminates and the nondelaminated shell is modeled by using a two-dimensional generalization of the so-called multidomain model 3 presented earlier for one-dimensional problems by Chai et al. 4 The stiffener degrees of freedom are related to the shell degrees of freedom, again, in accordance with the Reissner-Mindlin theory.
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respective theoretical formulations. In the case of the shell element, the C° continuity is exactly preserved for the field variables. However, the C 1 continuity required for the transverse deflection across the element boundaries is achieved a posteriori in a weak form. The causes of locking and the associated stress oscillations are located. The constrained strain fields are modified to eliminate locking using appropriate reduced integration for the associated constrained components of the strain energy.
An automated, incremental, general nonlinear and postbuckling Newton-type solution strategy, incorporating an arc lengthcontrolled load incrementation and branch switching based on a linearized asymptotic solution, 7 ' 8 is utilized while using the displacement-type finite element model. The stresses are postprocessed for each load increment, to obtain pointwise energy release rate distribution along the delamination front, by using the adapted J -integral approach. 
II. Multidomain Model
In this paper, we shall consider a general stiffened laminated composite shell with a single delamination of an arbitrary shape and location, subjected to arbitrary compressive loads (Fig. 1) . The structure is modeled using the multishell model in which the delaminated shell is assumed to be assembled with three distinct shells: 1) laminate: nondelaminated zone £2 (1) , 2) delaminate: thinner side of the delaminated zone Q (2) , and 3) base: thicker side of the delaminated zone & (3) . The three shells £2 (/) 
where x^ (a = 1,2) are the in-plane curvilinear shell coordinates and *3 } is the thickness coordinate for the ith (i = 1, 2, 3) shell (Fig. 1) . The structural continuity at the delamination front Fis maintained by assuming the deformation to be unique at the junction of the three shells, i.e., l/
(1) = £/ (2) = £7 (3) on F in accordance with the Reissner-Mindlin law of flexure [Eq. (1) ]. In other words, at the delamination edge, the midsurface degrees of freedom of the delaminate and the base shells are assumed to be related to those of the nondelaminated shell by
Assumed deformation at Plate-Junction U(2> = U< where h (i) is the distance of the midsurface of the ith shell from the laminate midsurface (Fig. 1) . It can be noted that the foregoing continuity conditions at the delamination edge can be modified appropriately when using any other alternative plate/shell theory (e.g., higher-order shear deformable theory) or by choosing appropriate heuristic multipoint constraints based on experience.
Similarly, the beam (stiffener) degrees of freedom are related to the shell degrees of freedom such that the transverse variations of deformation across the shell and beam section are consistent with Reissner-Mindlin theory:
where superscripts b and s represent beam and shell degrees of freedom, respectively, and e is the eccentricity of the stiffener's neutral axis with reference to the neutral surface of the shell. If 0 a (a = 1, 2) are the midsurface rotations characterizing the transformation of the normal to the undeformed midsurface to that of the deformed midsurface, we have (4) where b is the curvature tensor of the shell's midsurface.
In the present formulation, the engineering transverse shear strains y a3 are considered as independent midsurface degrees of freedom, assuming that they do not vary over the shell thickness. The engineering transverse shear strains are related to the section rotations 0 a and the midsurface rotations 0 a in accordance with the Reissner-Mindlin theory of plate flexure as
For each shell, the in-plane strain components (en, £22, ^12) and the transverse shear strain components -(€13, e 23 ) of the threedimensional Green-Lagrange strain tensor (including large deformations) are given by (6) , _ r fc «3 -2'-respectively, where, again, a, ft = 1, 2 and i = 1, 2, 3. Using the three-dimensional displacement field description [Eq. (1)] in Eqs. (6) and neglecting the nonlinear terms associated with the section rotations, the in-plane components of the Green-Lagrange strain tensor can be simplified as where e^ and v^ are the linear and nonlinear components of the membrane strains and K$ and x«« are the flexural strain components related to midsurface rotations <p a and transverse shear strains y a3 , respectively, given by (8) Equation (7) can be written in a compact form to express the three-dimensional Green-Lagrange strain components e (/) = kii ^22 €12-€13 €23 } (l) 
where the material constitutive terms £?. are functions of the thickness coordinate of each shell x%\ Generally, for a laminate with orthotropic layers, E^ are assumed to be piecewise constants over the laminate thickness. Now, for each shell, the strain energy density (per unit volume) can be calculated using Eqs. (9) and (10) as
(11)
As we can observe from Eqs. (7) (8) (9) (10) , the strain field is a linear function in #3, whereas the stress field is a piecewise linear function in jc 3 . Hence, it is often more useful to integrate the strain energy density explicitly in the thickness direction and define strain energy density per unit area as
where [Eq. (13)] over the shell domains, we get the total strain energy stored in the ith shell as
If/ (/) = {/! / 2 /3} (/) are the body force components acting on the ith shell and F = {Fi F 2 F 3 } (/) are the traction forces acting on the boundaries of the ith shell, all defined in the curvilinear shell coordinate system, the potential of the external forces on the ith shell is given by
Assuming that the body force components and the transverse traction force component do not vary over shell thickness and that inplane traction force components vary linearly over the thickness, we get
where r = Then, using Eqs. (14) and (15), we find that the total potential energy for the assembly of shells is given by (17) Applying the minimum total potential energy principle (8T1 = 0), we obtain the following internal equilibrium equations for each shell:
(18) and the following boundary conditions on the external boundary of each shell:
where n/ is the zth component of the unit vector n normal to delamination front. The displacement is continuous at the delamination edge and, therefore, on F, we have (20) Hence, for equilibrium, the following conditions have to be satisfied at any point on the delamination edge:
where ^" n (*) = (*)d> -(*)< 2 > -(*)< 3 ), with (*) (/) corresponding to the value of (*) at the specified point on the delamination boundary of the ith shell; (MO (/) = M (/) + A W>; and T a = Q a3 +N a p(u 3t p + bp r) u T) )is the effective shear force. It can be noted that these conditions are normally satisfied in a finite element model. Conflict may arise, however, if the delamination edge touches the structural boundary, particularly the boundary with specified displacements where the stresses are expected to develop. Because the delamination generally acts as an imperfection, it is often possible for the base to come in contact with the delaminate after global buckling sets in, and then equilibrium equations (21) may not be valid. Thus, the model can be effectively used for examining the growth of embedded delaminations under postbuckling conditions as long as the delaminated plies do not come in contact with each other.
III. Finite Element Formulation
In this paper, a two-noded curved beam elernent (BEAM2) (Fig. 2 ) and the three-noded shell element (SHELL3) (Fig. 3 ) are used for modeling stiffened shells. The transverse shear deformation is introduced explicitly in accordance with the Reissner-Mindlin plate theory. Reduced integration is used for the constrained membrane strain energy component to eliminate locking from the elements. The beam degrees of freedom are related to the corresponding shell degrees of freedom in accordance with the Reissner-Mindlin theory of flexure.
A. BEAM2: Two-Noded Curved Beam Element
This element incorporates the following independent degrees of freedom: w, in-plane displacement; w, transverse displacement; w <x , slope of midsurface deflection; and y, transverse shear strain. Thus the element requires C° continuous fields for u and y, and C 1 continuous fields for w. Linear Lagrangian polynomials are used for geometric description x and for the in-plane displacement component u:
and cubic Hermitian polynomials are used for the transverse deflection w.
where £ is the natural coordinate and h { , a/, and ft are functions of nodal values */, «/, and w h respectively. 5 The field consistency of these shape functions can be demonstrated. are the cubic polynomials for the transverse deflection.
l
In the foregoing element formulations, the interelement C° continuity is exactly satisfied for all the field variables. However, the interelement C 1 continuity required for the transverse deflection, in the case of the shell element, is satisfied a posteriori in a weak form using the Hu-Washizu variational principle. 6 
IV. Automated Postbuckling Path Tracing
Automated postbuckling solution involves detection of possible instability in solution and elimination of possible path retracing, classification of the detected instabilities, and computation of the postthrough buckling solution(s).
In the present work, solution instabilities are detected by monitoring the rank of the tangent stiffness matrix. Whenever the determinant of the tangent stiffness matrix changes its sign, the solution senses possible instabilities in that range of load and changes the sign of the next load increment to avoid path retracing. Through a cycle of interactions, locations of instabilities are identified as the load levels for which the tangent stiffness becomes singular. The tangent stiffness is often scaled to minimize numerical errors. 12 The identified instability points are then classified as limit points or bifurcation points using some simple and cost-effective rules. 7 If the instability point is a limit point, the arc-length continuation is enough to obtain a postbuckling solution path. However, if the instability point happens to be a bifurcation point, the strategies described in detail in Refs. 7 and 8 are used to trace the appropriate postbuckling solution branch.
The nonlinear fundamental state between the two solution points n-l and n in the neighborhood of the bifurcation point is linearized to obtain the asymptotic solution for obtaining an approximate critical buckling load factor. A linear combination of the normalized eigenvector associated with the critical buckling load factor and its orthogonal counterpart is used to determine the initial postbuckling paths.
V. /-Integral Adaptation for Pointwise Energy Release Rate
In this section, the three-dimensional J integral is modified appropriately for representing the energy release rate along the front of an interlaminar delamination crack parallel to the midsurface of a laminated shell.
In the case of delamination, the growth is assumed to be along the interlaminar zone parallel to the midsurface of the shell (i.e., the crack cannot shear into the neighboring laminae). Since the displacement field is made explicitly continuous at the delamination front, the delaminate shell cannot slide or rotate relative to the base shell. Hence, the J integral representing only self-similar crack growth is meaningful in the present case.
The pointwise energy release rate for three-dimensional crack growth (self-similar), &(T), is defined as
where a, ft = 1,2, 3; A e is the area of the tube of radius e enclosing the crack front, A i and A 2 are the areas covering the ends of the tube, and n,a,U, and n are defined in the crack tip coordinate system i (Fig. 4) . Consider a rectangular tube enclosing the delamination front and passing through the nearest stress recovery points (S 0) ) of the adjoining elements (Fig. 4) . Note that the integrals over the areas A i and A 2 nearly cancel each other in a constant strain/stress element model since the quantities like a and 3U a /dxi do not vary in the neighborhood of a point in an element domain. Then, Eq. (29) for the self-similar delamination growth becomes dA df
where A 7 (j = 1-9) are the segments forming the surface area A e of the rectangular tube (Fig. 4) . Because the Reissner-Mindlin assumptions (<7i3, a 2 3 are constant over shell thickness, and <7 33 = 0) A8 A7 are used for the element formulations as well as to achieve displacement continuity at the delamination edge and because h = {0 0 ±1} on the segments A jt j = 4-9 (see Fig. 4 ), the integral in Eq. (30) vanishes over the segments Ay, j = 4-9. Now, given that h = {+1 0 0} on the segments AI and h = {-I 0 0} on the segments A 2 and A 3 , Eq. (30) becomes dr
Now, carrying out the integration through the thickness for each shell, we get
Therefore, as AT ->> 0, the pointwise energy release rate at any point on the delamination front Q g9 computed from the Gauss-point variables, in a finite element model using constant strain elements, is given by
where F g (*) = (*) f <o -(*)#(2) -(*)^o) and(*)^(o corresponds to the quantities (*) evaluated at specified points on the annular surface. For example, in a finite element analysis, these specified points would be preferably the optimal stress recovery points-normally the Gauss points corresponding to reduced integration 10 ' 14 -in the adjoining element of the /th shell nearest to the delamination front F.
A finite element package-NONCAT, or nonlinear computational tool for structural analysis 15 -is developed based on the unified method presented in the earlier sections. The nodal displacements and stresses and strain energy densities at the optimal stress recovery points can be suitably postprocessed to obtain the pointwise energy release rate distribution along the delamination edge. In this paper, the three-noded quasiconforming triangular element is used to model the problem. Incidentally, one has to observe the following precautions while using the finite elements, particularly triangular elements, for the analysis (Fig. 5): 1) The finite element mesh adjoining the delamination edge should be symmetric about the delamination edge such that a) the stress recovery points for all the elements are at the same radial distance from the delamination edge and b) each set of elements from the three shells should have stress recovery points located on a single plane normal to the delamination front. For example, mesh C of Fig. 5 does not have stress recovery points that satisfy either of the two conditions and, hence, cannot be used reliably.
2) One should consider stresses, displacement gradients, and strain energy density only from those adjoining elements that have one of their edges on the delamination edge (type A, represented by * in Fig. 5 ) since the stresses from the elements with point contact (type B, represented by x in Fig. 5 ) correspond to a different distance from, and different location on, the delamination edge. Hence, if all the elements are considered for the analysis, the predictions will not be reliable.
In Fig. 5 , mesh A is the most accurate and reliable pattern because it satisfies all the foregoing conditions and because the pointwise energy release rates are calculated at equidistant points. Most of these dilemmas vanish, however, if one uses quadrilateral elements.
VI. Numerical Experiments
In this section, we shall consider some numerical examples to validate the model presented in the paper using a simple problem and to demonstrate its applicability to postbuckling analysis of delaminated stiffened composite structures.
A. Model Validation
An isotropic square plate of edge length L with a central elliptic delamination (Fig. 6) is considered for the following numerical experiments. The plate is subjected to biaxial compressive loads, and its boundary is assumed to be clamped against out-of-plane deformations. One-quarter of the plate is modeled for the analysis by imposing appropriate symmetry conditions. For the undelaminate plate, 264 shell elements are used and, for the delaminate and base plates, 192 elements each are used. The reference applied biaxial compressive loads are assumed to be of unit intensity (F/ = 1.0), and the equilibrium equations are solved at each load step for an applied load F = A.F/, where A, is the corresponding load factor (Fig. 6) . The structure is assumed to be isotropic, with Young's modulus E = 6500 and Poisson's ratio v = 0.3. The laminate thickness is chosen as t\ = 0.05L. The numerical experiment is conducted for a near-surface circular delamination with t 2 /t\ = 0.01, a/b = 1.0, and a/L = 0.3. If it is assumed that the base plate and the nondelaminated plates are infinitely stiff when compared to the delaminated plate, the delaminate plate can be considered as a clamped circular plate under the same radial compressive stress. 16 Then the buckling strength of the delaminate plate [<r 6 Fig. 7a . Further, if it is assumed that the postbuckling deformation is axisymmetric and nearly linear in the neighborhood of the local buckling point, the pointwise energy release rate is given by 14 "°v ' (1.8285+ v)£ v° " where <7 0 (=AF//ri) is the actual stress level at which the energy release is being computed.
The ratio GpE/Qrb is plotted along the delamination periphery in Fig. 7b for a case of very thin delaminate configuration (t 2 /ti = 0.01). It can be observed that G FE is close to G rb when the postbuckling loads are in the close vicinity of local buckling point (i.e., X* == AAcr ~ 1.0). However, Q rb is underestimated when compared to <? F E, even when A 2± A,£ r . This is because, in the present problem, although the delaminate plate is very thin compared to the total laminate thickness (ti/t\ = 0.01), the base plate is flexible as opposed to the rigid base as considered in Evans and Hutchinson. when compared to C? rb as shown in Fig. 7c . Note that, in Fig. 7c , actual stress (a) and displacement (A) are normalized by the critical stress a c and the associated critical inward radial displacement A c , respectively.
B. Laminated Plate with Elliptic Delamination
In this section, the plate considered in the previous example is assumed to be symmetrically constituted with 32 orthotropic laminae of equal thickness in the following fashion: i) (0/90/45/-45)., and ii) (45/90/-45/0),. The plate thickness is assumed as t\ = 0.05L. The delamination configuration is fixed as a/L = 0.3, a/b = 1.50, and t 2 /ti =0.10. The loading and boundary conditions and the FE modeling are the same as in the previous numerical experiments. The material properties for each layer are taken as EI = 208,000, E 2 = 26,000, v 12 = vi3 = v 2 3 = 0.16, and G n = G 13 = G 23 = 7500. The delamination is assumed to be between the nth and the (n +1 )th layer from the top surface, where n takes values from 1 to 15.
The characteristic buckling strengths for the delaminated structure are plotted in Fig. 8 for both cases i and ii. It is found that the local buckling strength becomes nearly equal for n = 8 or f 2 /*i =0.25. The threshold delaminate thickness for which equivalent nondelaminated base plate is stronger than the actual structure in buckling is found to be 0.125 and 0.15 for cases i and ii, respectively. It is interesting to note that the global buckling strength does not vary much with the delaminate thickness for case ii.
The average and maximum energy release rates are plotted for cases i and ii for typical delaminate thickness (n < 8) in Figs. 9 and 10, respectively. It should be noted that local buckling does not occur when n > 8 and, hence, no delamination growth is expected because of buckling action. Since the delaminate alternates between symmetric and antisymmetric configurations as n increases, the energy release rate variation also changes for different delaminate thicknesses, as shown in the figures. Variation in the average and maximum energy release rates with the delaminate thickness is plotted for typical load levels in Figs. 9c and 9d and lOc and lOd, respectively. It is observed that the average energy release rate is lower for case i, whereas the maximum energy release rate is lower for case ii.
C. Laminated Shell with Elliptic Delamination
In this section, a cylindrical laminated shell of edge length L with a central elliptic delamination (Fig. 11) under axial compressive loads is considered. The shell is assumed to be constituted with 32 orthotropic laminae of equal thickness stacked in a symmetric fashion: (0/90/45/-45) >y . The shell thickness is assumed to be t { = 0.05L. The delamination configuration is fixed as a/L = 0.3, a/b = 1.5, and t 2 /ti = 1/32. The major axis of the delamination is oriented parallel to the shell axis. The material properties for each layer are taken as in the previous example. The reference load intensity is assumed to be unity. The shell boundary is clamped against out-ofplane deformation. Keeping the edge length constant (Rty = L), the shell curvature is changed for the study of its effects on the buckling and delamination growth behavior of the structure.
The postbuckling delaminate and base shell deformation is depicted for typical shell curvatures in Figs. 12a-12d . It can be observed that the critical load factor for local delaminate buckling increases as curvature increases in a linear sense (Fig. 12e) . The global buckling strength of the structure also increases as the shell curvature increases; as a result of the presence of the delamination, however, the structure exhibits reduced global buckling strength 17 (results not shown). The maximum and average pointwise energy release rates are presented for varying load factors for typical shell curvatures in Figs. 13a-13d . It can be observed that the energy release rate decreases as the shell curvature increases (Fig. 13e) . Thus, the delaminate plate buckling and the delamination growth are delayed in a shell compared to a plate.
D. Stiffened Laminated Plate with Elliptic Delamination
Here we consider a laminated composite square plate of edge length L with 32 orthotropic laminae of equal thickness The postbuckling deformations of the delaminate and base plates are depicted in Fig. 15 . The delaminate buckling strength increases with the inclusion of a stiffener. Note that stiffeners with zero eccentricity with reference to the plate provide maximum delay in the delaminate plate buckling. It is interesting to note that stiffeners do not appreciably increase local buckling strength when the delamination is located on the side opposite the stiffeners (case c).
The average and maximum point wise energy release rates are presented for the different cases in Figs. 16 and 17 . It can be observed that noneccentric stiffeners (case b) considerably decrease both the average and the maximum energy release rates for a given load. However, introduction of eccentric stiffeners (cases c and d) lead to appreciable increase in the average energy release rate for a given load. Although stiffeners on the same side as the delamination (case d) slightly decrease the maximum energy release rate, stiffeners on the side opposite the delamination (case c) increase the maximum energy release rate considerably. Thus noneccentric stiffeners (case b) delay the delamination growth appreciably. On the other hand, eccentric stiffeners (cases c and d) may lead to considerably accelerated delamination growth. Thus, from the points of view of both geometric and material failure, noneccentric stiffeners are preferable for reinforcing a delaminated structure. In most aerospace applications, however, the stiffeners are located internally for aerodynamic requirements, and the external surface is highly susceptible to loads causing delaminations. Thus, results for case c appear to be the most critical from practical considerations. Similar behavior was observed with reference to stiffened laminated shells (results not shown).
VII. Concluding Remarks
A unified method has been presented for simple, reliable, and cost-effective modeling and analysis of delaminated, stiffened, laminated composite shells. An error-free, consistent two-noded curved stiffener and three-noded shell elements are derived. The FE are based on elementary curved beam/shallow shell theories. The transverse shear deformation is explicitly introduced in accordance with the first-order shear-deformable beam/plate theories. The C 1 continuity across shell element boundaries is satisfied a posteriori in a weak form using the Hu-Washizu variational principle. Nonlinear stiffness due to large deformation is included for predicting geometrically nonlinear structural behavior. The NewtonRaphson incremental iteration solution strategy is enhanced with arc length-controlled load incrementation and postbuckling branch switching based on a linearized asymptotic solution. Finally, the three-dimensional J integral is used for deriving a simple and reliable method for processing the FE solutions for displacements and stresses to compute pointwise energy release rate distribution along the delamination front. Linear elasticity is assumed throughout. The method presented can effectively model delaminated stiffened composite plates and shells, compute their nonlinear response under general loading and boundary conditions, and compute the energyrelease rate distribution at the delamination edge under normal and postbuckling loading environments.
The model presented in this paper is validated by using a simple isotropic plate problem with near-surface circular delamination. Later the method is applied to many general problems of laminated and stiffened composite structures with elliptic delaminations. Some useful observations are made regarding the geometric and material failure in a delaminated stiffened composite structure subjected to compressive loads.
